Abstract. We prove a generalization of the Fujita-Kawamata-Zuo semi-positivity Theorem [Fuj78, Kaw81, Zuo00] for filtered regular meromorphic Higgs bundles and tame harmonic bundles. Our approach gives a new proof in the cases already considered by these authors. We give also an application to the geometry of smooth quasi-projective complex varieties admitting a semisimple complex local system with infinite monodromy.
Statement of the main results
If X is a smooth projective complex variety and D = ∪ i∈I D i ⊂ X is a simple normal crossing divisor, recall that a filtered regular meromorphic Higgs bundle (E, θ) on (X, D) consists of a parabolic bundle E together with a Higgs field θ which is logarithmic with respect to the parabolic structure along D, meaning that for any parabolic weight α ∈ R I we have
. See section 2 for a reminder. We denote by E ⋄ the vector bundle in E with parabolic weight (0, · · · , 0) ∈ R I .
Our first result is a generalization of Fujita-Kawamata-Zuo semi-positivity Theorem [Fuj78, Kaw81, Zuo00, Bru], see Remarks 1.6 for a discussion of former results. The somewhat technical definition of a weakly positive torsion-free coherent sheaf, which is a generalisation of the notion of pseudo-effective line bundles for higherrank sheaves, is recalled in section 4. We will show more precisely that the restricted base locus B − (A ⋆ ) of A ⋆ is contained in the union of D and the locus in X where A is not a locally split subsheaf of E ⋄ , cf. Theorem 6.1.
In the special case where the parabolic filtration is trivial, one has the following more precise result: Let X, L and D as before, and set j : U := X\D ֒→ X the inclusion. Given a µ L -polystable filtered regular meromorphic Higgs bundles (E, θ) on (X, D) with vanishing parabolic Chern classes, it follows from the works of Simpson [Sim90] , Biquard [Biq97] and Mochizuki [Moc09] that there exists an essentially unique tame pluriharmonic metric h on (E ⋄ |U , θ) whose asymptotic behaviour is controlled by the parabolic vector bundle E. The triple (E ⋄ |U , θ, h) defines a tame harmonic bundle on U , and E ⋄ can be recovered from this data as the subsheaf of j * (E ⋄ |U ) whose sections have sub-polynomial growth with respect to h. Using this, we will see that Theorem 1.1 is a consequence of the following result: Theorem 1.3. Let X be a complex manifold, and D ⊂ X be a simple normal crossing divisor. Set U := X\D and j : U ֒→ X the inclusion. Let (E, θ, h) be a tame harmonic bundle on U , and A be a subsheaf of E. For the notion of singular hermitian metric on a torsion-free coherent sheaf, the reader is referred to section 3. Theorem 1.2 follows then from the computation of the Lelong numbers of the induced singular hermitian metric on the dual sheaf A ⋆ , see Proposition 6.2.
An important example of tame harmonic bundle is given by the following construction. Let X be a complex manifold, and D ⊂ X be a simple normal crossing divisor. Let (V, ∇, F r , h) be a complex polarized variation of Hodge structures (C-PVHS) on U := X\D, and denote by (E, θ) the associated Higgs bundle on U , i.e. E := Gr F V and θ := Gr F ∇. If h E denotes the positive-definite hermitian metric on E induced by h, then the triple (E, θ, h E ) defines a tame harmonic bundle on U , cf. section 7. As a direct consequence of Theorem 1.3, we get the Theorem 1.4. Let X be a complex manifold, and D ⊂ X be a simple normal crossing divisor. Let (V, ∇, F r , h) be a log C-PVHS on (X, D), and denote by (E, θ) the corresponding log-Higgs bundle. Assume that the eigenvalues of the residues of (V, ∇) along the irreducible components of D, which are known to be real numbers, are non-negative. If A is a subsheaf of E contained in the kernel of the Higgs field θ, then the (possibly singular) hermitian metric h A on A |U induced by h E extends uniquely as a singular hermitian metric on A with semi-negative curvature. (1) In the situation of Corollary 1.5, if one assumes moreover that the residues of (V, ∇) are nilpotent and that A is a locally split subsheaf of E contained in the kernel of the Higgs field θ, then one can apply Theorem 1.2 to get that its dual A ⋆ is nef. This special case is already known, cf. [Zuo00] and [Bru, Theorem 0.6 ]. See also [FF17] for a different proof. From this, one can easily deduce Corollary 1.5 in the special case where the eigenvalues of the residues are rational numbers, as explained for example in [PW16] .
(2) With the notations of Theorem 1.4, let p be the biggest integer such that F p V = V. It follows from Griffiths transversality that Gr
V is a subbundle of E contained in the kernel of the Higgs field, so that its dual is weakly positive (note that we make no assumption on the monodromy at infinity). When the monodromy at infinity is unipotent, (Gr
⋆ is canonically isomorphic to the lowest piece of the Hodge filtration of the dual log C-PVHS. Therefore, Theorem 1.2 implies that the lowest piece of the Hodge filtration of a log C-PVHS with unipotent monodromy at infinity is nef, as previously shown for real polarized variation of Hodge structures by Fujita [Fuj78] and Zucker [Zuc82] Theorem 1.1 has some consequences for the geometry of smooth quasi-projective complex varieties admiting a complex local system with infinite monodromy that we now discuss. In analogy with [Kol93, Kol95] we say that a complex local system L on a smooth quasi-projective complex variety X is generically large when there exists countably many closed subvarieties D i X such that for every smooth quasiprojective complex variety Z equipped with a proper map f : Z → X satisfying f (Z) ⊂ ∪D i the pullback local system f * L is non-trivial. This condition is less exceptional that one might first thinks, since conjecturally at least any semisimple complex local system is virtually the pull-back of a generically large local system. 2.1. Parabolic bundles. We follow [Moc06] and [IS08] , however be aware that our terminology differs slightly from theirs.
Let X be a complex manifold and D = ∪ i∈I D i ⊂ X be a simple normal crossing divisor. A parabolic sheaf E on (X, D) is a meromorphic bundle E on (X, D), i.e. a torsion-free coherent O X [ * D]-module, endowed with a collection of torsion-free coherent O X -submodules E α indexed by multi-indices α = (α i ) i∈I with α i ∈ R, satisfying the following conditions:
• (the filtration is exhaustive and decreasing) E = ∪ α E α and 
We denote by E ⋄ the subsheaf of E with parabolic weight (0, · · · , 0) ∈ R I .
Fixing c ∈ R, it follows from the axioms that a parabolic sheaf is determined by the E α for the collection of jumping indices α with c ≤ α i < c + 1 for any c ∈ R, and this collection is finite when D has a finite number of irreducible components.
We say that E is locally abelian if in a Zariski neighborhood of any point x ∈ X, E is isomorphic to a direct sum of parabolic line bundles (i.e. parabolic sheaves which are locally-free of rank 1). A parabolic bundle on (X, D) is a parabolic sheaf wich is locally abelian. In particular, all the E α are locally-free. The parabolic structure is called trivial when all coefficients of the jumping indices are integers.
There is a notion of parabolic Chern classes for parabolic bundles (we refer the reader to [Moc06, chapter 3] and [IS08] for the quite complicated formulas). When E is a parabolic bundle with trivial parabolic structure, then its parabolic Chern classes coincide with those of E ⋄ .
2.2. Prolongation according to growth conditions. Let X be an n-dimensional complex manifold, and let D = ∪ i∈I D i be a simple normal crossing divisor.
Definition 2.1. Let P be a point of X, and let D 1 , · · · , D l be the irreducible components of D containing P . An admissible coordinate system around P is a pair (U, ψ), where:
Let E be a holomorphic vector bundle on X\D equipped with a hermitian metric h. Let α = (α i ) i∈I ∈ R I be a tuple of real numbers.
Definition 2.2. Let U be an open subset of X, and s be an element of H 0 (U \D, E). We say that the order of growth of s is bigger than α if for any point P ∈ U , any admissible coordinate system (U, ψ) around P and any positive real number ǫ > 0, there exists a positive constant C such that the following inequality holds on U \D:
We denote by E α the subsheaf of j * E of sections with order of growth bigger than α. The E α , α ∈ R I , form a decreasing filtration of the subsheaf of j * E.
Definition 2.3 (Moderate hermitian metric on a holomorphic vector bundle). Let X be a complex manifold, D ⊂ X be a simple normal crossing divisor, and E be a holomorphic bundle on X\D. 
When the metric is moderate, one verifies immediately that the collection of torsionfree coherent sheaves E α form a parabolic sheaf on the pair (X, D).
λ-Connection bundles.
Definition 2.4 (λ-Connection). Let λ ∈ C. Let X be a complex manifold and E be a locally-free O X -module of finite rank. A λ-connection on E is a C-linear map
X which satisfies the twisted Leibniz rule:
where f and s are sections of O X and E respectively.
One verifies immediately that a λ-connection D λ induces for every integer
Definition 2.5 (Higgs bundle). A pair (E, θ) consisting of a locally-free O X -module of finite rank E equipped with a flat λ-connection θ is called a Higgs bundle when λ = 1.
Definition 2.6 (Logarithmic λ-connection). Let X be a complex manifold and
which satisfies the twisted Leibniz rule.
Definition 2.7 (Meromorphic λ-connection). Let X be a complex manifold and D ⊂ X be a normal crossing divisor. A filtered regular meromorphic λ-connection bundle on (X, D) is a pair (E, D λ ) consisting of a parabolic bundle E together with a C-linear map
which satisfies the twisted Leibniz rule, and such that for any parabolic weight α the λ-connection D λ induces a structure of logarithmic λ-connection bundle on (E α , D λ ).
The notion of flatness generalizes to the logarithmic and the meromorphic settings. In particular, by specializing to λ = 0 we get the notions of logarithmic Higgs bundles and filtered regular meromorphic Higgs bundles on (X, D).
Definition 2.8 (Residues of a logarithmic λ-connection). Let X be a complex manifold, D ⊂ X be a normal crossing divisor and (E,
If X is a projective manifold equipped with an ample line bundle L, there is a corresponding notion of µ L -stability for logarithmic λ-connection bundles and filtered regular meromorphic λ-connection bundles on (X, D), cf. [Moc06, section 3.1.3].
When (E, D λ ) is a filtered regular meromorphic λ-connection bundle on (X, D) such that the parabolic structure on E is trivial, then its µ L -stability is equivalent to the µ L -stability of the logarithmic λ-connection bundle (E ⋄ , D λ ).
2.4. Pluriharmonic metrics. Let (E, θ) be a Higgs bundle on a complex manifold X, and h E be a hermitian metric on E. Let E := C ∞ X ⊗ OX E be the smooth vector bundle underlying E, and ∂ E be the operator defining the holomorphic structure on E. Let ∇ u = ∂ E + ∂ E be the Chern connection associated to the hermitian metric h E on the holomorphic bundle E, and θ ⋆ be the adjoint of θ with respect to h E . By definition, the metric h E is said pluriharmonic if the operator ∇ := ∂ E + ∂ E + θ + θ ⋆ is integrable, i.e. if the differentiable form ∇ 2 ∈ A 2 (End(E)) is zero. In that case, the holomorphic bundle E := (E, ∂ E + θ ⋆ ) equipped with the connection ∇ defines a flat bundle.
Conversely, let (E , ∇) be a flat bundle on a complex manifold X, and denote by E the smooth vector bundle underlying E . The choice of a hermitian metric h E on E induces a canonical decomposition ∇ = ∇ u + Ψ, where ∇ u is a unitary connection on E with respect to h E and Ψ is autoadjoint for h E . Both decompose in turn in their components of type (1, 0) and (0, 1):
By definition, the metric h E is said pluriharmonic if the operator
In that case, the holomorphic bundle E := (E, ∂ E ) endowed with the one-form θ ∈ A 1 (End(E)) defines a Higgs bundle.
More generally, there is a notion of pluriharmonicity for metrics on a holomorphic vector bundle equipped with a flat λ-connection, see [Moc09, section 2.2.1].
2.5. Tame harmonic bundles. Definition 2.9 (Harmonic bundle). A harmonic bundle on a complex manifold is a Higgs bundle endowed with a pluriharmonic metric, or equivalently a flat bundle equipped with a pluriharmonic metric.
Definition 2.10 (Tame harmonic bundle). Let X be a complex manifold and D ⊂ X a simple normal crossing divisor. A harmonic bundle (E, θ, h) on U := X\D is called tame if there exists a logarithmic Higgs bundle on (X, D) extending (E, θ).
In that case, the characteristic polynomial of the Higgs field θ, which is a polynomial whose coefficients are holomorphic symmetric differential forms on U , extends to X as an element of Sym(Ω
. This property turns out to be sufficient to show that a harmonic bundle (E, θ, h) on U := X\D is tame. Note that the element of Sym(Ω 1 X (log D))[T ] does not depend on the extension, because its restriction to U is fixed. In particular, the eigenvalues of the residues are independent of the extension. . Let X be a complex manifold and D ⊂ X be a simple normal crossing divisor. If (E , ∇, h) (resp. (E, θ, h)) is a tame harmonic bundle on X\D, then the metric h is moderate and the corresponding filtration according to the order of growth on E (resp. E) defines a parabolic bundle on (X, D).
2.6. Deligne-Manin filtration. Let X be a complex manifold and D = ∪ I D i ⊂ X be a simple normal crossing divisor. Let (E , ∇) be a meromorphic bundle on (X, D) equipped with a regular meromorphic connection. For every α ∈ R I , let α be the unique locally-free O X -module of finite rank contained in E such that ∇ induces a connection with logarithmic singularities ∇ :
Let now (E , ∇, h) be a tame harmonic bundle on U := X\D. There exists a unique meromorphic bundle on (X, D) equipped with a regular meromorphic connection extending (E , ∇) (the so-called Deligne's extension). When equipped with the Deligne-Manin filtration introduced above, this defines a canonical filtered regular meromorphic connection bundle (E DM , ∇) on (X, D) which extends (E , ∇). We have also the filtered regular meromorphic connection bundle (E h , ∇) on (X, D) defined using the filtration according to the order of growth with respect to h, cf. Theorem 2.11. The following result is well-known and is a direct consequence of the table in [Sim90, p.720].
Lemma 2.12. Let X be a complex manifold and D ⊂ X be a simple normal crossing divisor. Let (E , ∇, h) be a tame harmonic bundle on X\D, and (E, θ) be the corresponding Higgs bundle. Then the following properties are equivalent:
• The eigenvalues of the residues of θ along the irreducible components of D are purely imaginary.
• The filtered regular meromorphic connection bundles (E DM , ∇) and (E h , ∇) are canonically isomorphic.
2.7.
The non-abelian Hodge correspondence in the non-compact case. Let X be a smooth irreducible complex projective variety equipped with an ample line bundle L, and D be a simple normal crossing divisor of X. ( In particular, this induces a natural equivalence of categories between the category of µ L -polystable flat filtered regular meromorphic connection bundles on (X, D) with vanishing first and second parabolic Chern classes and the category of µ Lpolystable filtered regular meromorphic Higgs bundles on (X, D) with vanishing first and second parabolic Chern classes. This equivalence preserves tensor products, direct sums and duals.
Singular hermitian metrics on torsion-free sheaves
We recall here the basic definitions concerning singular hermitian metrics on torsionfree sheaves, after [BP08, Pȃu16, PT14, HPS16] . We follow very closely the presentation of [HPS16] , to which the reader is referred for more details. (
Let V 0 (resp. V fin ) be the subset of V of vectors with zero (resp. finite) norm. It follows easily from the axioms that both V 0 and V fin are linear subspaces of V . By definition, · is said positive definite if V 0 = 0 and finite if V fin = V .
A singular hermitian inner product · on V induces canonically a singular hermitian inner product · ⋆ on its dual V ⋆ = Hom C (V, C) by setting
for any linear form f ∈ V ⋆ , with the understanding that a fraction with denominator +∞ is equal to 0. (If V 0 = V , then we define f ⋆ = 0 for f = 0, and f ⋆ = +∞ otherwise.) Note however that in general there is no induced singular hermitian inner product on det V .
Observe that the dual of a finite singular hermitian inner product is positive definite, and conversely.
3.2. Singular hermitian metrics on vector bundles. Let X be a connected complex manifold, and let A be a non-zero holomorphic vector bundle on X. • h is finite and positive definite almost everywhere, meaning that for all x outside a set of measure zero, · h,x is a hermitian inner product on A x . • h is measurable, meaning that the function
is measurable whenever U ⊂ X is open and s ∈ H 0 (U, A).
Definition 3.3. A singular hermitian metric h on A has semi-negative curvature if the function x → log s(x) h,x is plurisubharmonic for every local section s ∈ H 0 (U, A). It has semi-positive curvature if its dual metric h ⋆ on A ⋆ has seminegative curvature.
A priori, a singular hermitian metric h is only defined almost everywhere, because its coefficients are measurable functions. However, if h has semi-positive or seminegative curvature, then the singular hermitian inner product · h,x is unambiguously defined at each point of X. Note also that, if h is a singular hermitian metric with semi-negative curvature, then the singular hermitian inner product · h,x is finite at each point of X. As a converse, we have the: (1) h is a restriction to U of a singular hermitian metric with semi-negative curvature on A, (2) the function x → log s(x) h,x is locally bounded from above in the neighborhood of every point of X for every local section s ∈ H 0 (U, A).
Moreover, the metric extending h is unique when it exists.
Proof. This is a direct application of Riemann extension theorem for plurisubharmonic functions.
3.3. Singular hermitian metrics on torsion-free sheaves. Let X be a connected complex manifold, and let A be a non-zero torsion-free coherent sheaf on X. Let X A ⊂ X denote the maximal open subset where A is locally free, so that X\X A is a closed analytic subset of codimension at least 2.
Definition 3.5. A singular hermitian metric on A is a singular hermitian metric h on the holomorphic vector bundle A |XA .
We say that such a metric has semi-positive curvature if the pair (E, h) has semipositive curvature.
Weakly positive torsion-free sheaves
For the reader convenience, we recall in this section the notion of weak positivity for torsion-free coherent sheaves, due to Viehweg and later refined by Nakayama.
Definition 4.1. Let X be a complex quasi-projective scheme. A coherent sheaf A on X is globally generated at a point x ∈ X if the natural map H 0 (X, A)⊗ C O X → A is surjective at x. Definition 4.2 (Nakayama, [Nak04, Definition V.3.20]). Let A be a torsion-free coherent sheaf on a smooth projective complex variety X. We say that A is weakly positive at a point x ∈ X if for every ample invertible sheaf H on X and every positive integer α > 0 there exists an integer β > 0 such that S α·β A ⊗ OX H β is globally generated at x. Here the notation S k A stands for the reflexive hull of the sheaf Note that if A is locally free, then A is nef if and only if it is weakly positive at every x ∈ X.
The following result gives an analytical criterion to show that a sheaf is weakly positive. 
Proof of Theorem 1.3
Let X be a complex manifold, and D ⊂ X be a simple normal crossing divisor. Set U := X\D and j : U ֒→ X the inclusion. Let (E, θ, h) be a tame harmonic bundle on U , and A be a subsheaf of E. The hermitian metric h induces a (possibly singular) hermitian metric h A on A.
Let A ⋄ be the subsheaf of j * A whose sections have sub-polynomial growth with respect to h A . Equivalently, A ⋄ := j * A ∩ E ⋄ , where E ⋄ denotes the subsheaf of j * E whose sections have sub-polynomial growth with respect to h E . As E ⋄ is a locallyfree sheaf of finite rank (cf. Theorem 2.11), it follows that A ⋄ is a torsion-free coherent sheaf.
Assume now that A is contained in the kernel of θ. It follows from the next lemma that h A has semi-negative curvature.
Lemma 5.1. Let (E, θ, h) be a harmonic bundle on a complex manifold X. If s ∈ H 0 (X, E) is a section of E which satisfies θ(s) = 0, then the function
Proof. Denoting by ∂ E +∂ E the Chern connection associated to the hermitian metric h on the holomorphic bundle E and by θ ⋆ the adjoint of θ with respect to h, we know by assumption that the connection ∇ := ∂ E + ∂ E + θ + θ ⋆ on the C ∞ -vector bundle C ∞ X ⊗ OX E is flat. From this, it follows that the curvature Θ := (∂ E + ∂ E ) 2 of (E, h) satisfies the formula:
On the other hand, if s is a section of E, we have that
(see for example [Sch73, (7.13)]). If moreover θ(s) = 0, it follows that
hence the function s h : X → [0, +∞), x → s(x) h is plurisubharmonic. Now, recall that given a non-negative valued function v, log v is plurisubharmonic if and only if v · e 2·Re(q) is plurisubharmonic for every polynomial q (we learned this observation from [Rau15] ). The preceding computation shows that for every polynomial q the function x → s(x) because s·e q is also a holomorphic section of E which satisfies θ(s·e q ) = e q ·θ(s) = 0. This completes the proof.
Let us now prove that there exists a unique singular hermitian metric with seminegative curvature on A ⋄ whose restriction to U is h A . In view of Lemma 3.4, this will follow from the Lemma 5.2. Let X be a complex manifold, D ⊂ X be a simple normal crossing divisor and (E, θ, h) be a tame harmonic bundle on U := X\D. If s is a section of E ⋄ whose restriction to U satisfies θ(s |U ) = 0, then the function
is locally bounded in the neighborhood of every point in X.
Proof. Clearly it is sufficient to treat the case X = ∆ n and
We will show the stronger statement:
where ∂X := (∂∆) n is a product of circles. We claim that it is sufficient to treat the case the case n = 1. Indeed, to bound s |U (z) h at a point z ∈ U , by successive applications of the case n = 1, we get the inequalities:
It remains to prove the case n = 1. We will first show as a consequence of Simpson's norm estimates that the function s |U h : U → [0, +∞), x → s |U (x) h is locally bounded. It follows that the function log s |U h extends as a plurisubharmonic function to ∆, and we conclude using the maximum principle. (
The sum of the weight filtrations for different eigenvalues λ yields in turn a filtration of E ⋄ |0 that we still denote by W k . As proved by Schmid [Sch73] for variations of Hodge structures and Simpson [Sim90] for general tame harmonic bundles, this filtration controls the growths of the sections of E ⋄ :
If s be a section of E ⋄ defined on ∆, then s(0) ∈ W k if and only if there exists a constant C > 0 such that the following estimates holds (cf. [Sim90, pp. 755-756]):
Let s be a section of E ⋄ defined on ∆ such that θ(s) = 0. It follows that s(0) belongs to the kernel of Res(E ⋄ ). In particular, it belongs to the generalized eigenspace where Res(E ⋄ ) is nilpotent. Moreover, by the lemma below, it belongs to W 0 and by the norm estimates it follows that s h is bounded on ∆ ⋆ . Let X be a smooth projective complex variety, L be an ample line bundle on X and D ⊂ X be a simple normal crossing divisor. Let (E, θ) be a filtered regular meromorphic Higgs bundle on (X, D), which is µ L -polystable with vanishing parabolic Chern classes. Let finally A be a subsheaf of E ⋄ contained in the kernel of θ. Set U := X\D and j : U ֒→ X the inclusion. By Theorem 2.13, there exists an essentially unique pluriharmonic metric h on (E ⋄ |U , θ) adapted to the parabolic structure. The triple (E ⋄ |U , θ, h) defines a tame harmonic bundle on U , and E ⋄ is equal to the subsheaf of j * (E ⋄ |U ) whose sections have sub-polynomial growth with respect to h. Observe also that A being torsion-free, the canonical map A → j * (A |U ) ∩ E ⋄ is an injective map of sheaves and an isomorphism when restricted to U . By Theorem 1.3 the (possibly singular) hermitian metric induced by h on A |U extends uniquely as a singular hermitian metric with semi-negative curvature on j * (A |U ) ∩ E ⋄ . By restriction we obtain a singular hermitian metric with semi-negative curvature on A that we denote h A . This metric induces in turn a singular hermitian metric with semi-positive curvature h A ⋆ on A ⋆ . One can then apply Theorem 4.5 to conclude that its dual A ⋆ is weakly positive. In fact one obtains the more precise
structure on E is trivial, then all Lelong numbers are zero (see below for the definition of Lelong numbers).
Definition 6.3 (compare [Dem92b, Definition 2.5]). On a complex manifold X, let L be a line bundle equipped with a singular hermitian metric h of semi-positive curvature. The Lelong number of h at the point x ∈ X is defined by
where s is a holomorphic section of L defined in a neighborhood of x with s(x) = 0.
One verifies that it is a well-defined non-negative real number which does not depend on the local section s, cf. loc. cit.
is the subsheaf of j * (E We begin by recalling some definitions.
Definition 7.1. Let V be a complex vector space of finite dimension. A (complex polarized) Hodge structure (of weight zero) on V is the data of a non-degenerate hermitian form h and a h-orthogonal decomposition V = p∈Z V p such that the restriction of h to V p is positive definite for p even and negative definite for p odd. The associated Hodge filtration is the decreasing filtration F on V defined by
according to the order of growth with respect to h. We denote by E α the elements of this filtration. We can extend the Hodge filtration to every E α by setting:
For every p, we have an exact sequence of locally-free sheaves on U :
The Hodge metric on E induces canonical hermitian metrics on these locally-free sheaves. From this it follows that for every α and p one get an exact sequence of sheaves on X:
Consequently, there is a canonical injective map of sheaves g α : Gr F E α → E α for every α. Note however that it is not clear a priori that these maps are surjective (when the residues of (E , ∇) are nilpotent, it is a consequence of the work of Schmid [Sch73] ). Even if this fact is not strictly needed in our discussion, we will give a proof for the sake of completeness.
First note that the preceding maps g α are isomorphisms if and only if the induced maps on the determinants det g α : det(Gr F E α ) → det(E α ) are isomorphisms. But det Gr F E α is canonically isomorphic to det E α and the filtration according to growth conditions is compatible with taking determinant, hence this reduces the problem to show that the canonical maps (det E ) α → (det E) α are isomorphisms for every α. This is clear because in restriction to U the map (det E ) → (det E) is an isomorphism of hermitian holomorphic vector bundles. Therefore we have proved that the maps g α : Gr F E α → E α are isomorphisms of sheaves (in particular, the F p E α form a filtration of E α by locally split subsheaves).
We can now give a proof of the Theorem 1.4. With the notations of the statement, it follows from the discussion above that there exists an injective map of sheaves 0 → A → E ⋄ . Moreover, A is in the kernel of the Higgs field. We get the result by applying Theorem 1.3 to this particular situation.
Proof of Theorem 1.7
In this section we prove Theorem 1.7 as a direct consequence of the two following propositions.
Proposition 8.1. Let X be a smooth projective complex variety, D ⊂ X be a simple normal crossing divisor and (E, θ, h) be a tame harmonic bundle on D) is weakly positive. Proof. Let (E, θ) = (E h , θ) be the filtered regular meromorphic Higgs bundle on (X, D) associated to (E, θ, h) using the filtration according to the order of growth with respect to h, cf. Theorem 2.11. The parabolic bundle End(E) inherits a canonical structure of filtered regular meromorphic Higgs bundle, whose Higgs field Θ is defined by
for Ψ a local holomorphic section of End(E), v a local holomorphic section of E and s a local holomorphic section of T U . Here we denote by θ s the contraction of θ with s, alias φ(s) (and similarly for Θ s ).
The composition of φ : T U → End(E) with the Higgs field Θ : End(E) → Ω 1 U ⊗ OU End(E) is zero: if s and t are local holomorphic sections of T U and v is a local holomorphic section of E, then the condition θ ∧ θ = 0 implies
where φ(t) = θ t ∈ End(E). As a consequence, if we denote by A ⊂ End(E) ⋄ the image of φ :
⋄ , then A is contained in the kernel of the Higgs field Θ :
If L is an ample line bundle on X, then by Theorem 2.13 the filtered regular meromorphic Higgs bundle (E, θ) is µ L -polystable with vanishing parabolic Chern classes, and the same is true for (End(E), Θ). The subsheaf A ⊂ End(E) ⋄ is contained in the kernel of Θ, hence by Theorem 1.1 its dual A ⋆ is weakly positive. Since the map T X (− log D) → A is generically an isomorphism by assumption, the same is true for the dual map A ⋆ → Ω Proof. If the monodromy of L is finite, then the pullback of L to a finiteétale cover of U is trivial. Therefore the pullback of the Higgs field by a finiteétale cover is zero, hence θ is zero itself. For the converse, first observe that given a harmonic bundle (E, θ, h) on a complex manifold, the Higgs field θ is zero if and only if the pluriharmonic metric h is parallel for the Chern connection of (E, h). Therefore, the monodromy being unitary and discrete, it has to be finite.
Proof of the Proposition. By assumption, there exist countably many closed subvarieties D i U such that for every smooth quasi-projective complex variety Z equipped with a proper map f : Z → U satisfying f (Z) ⊂ ∪D i the pullback local system f * L is non-trivial (and has in fact infinite monodromy). Let also Y U be the closed subvariety where the cokernel of the map of O U -modules φ : T U → End(E) is not locally free. Fix x ∈ X\(∪D i ∪ Y ) and let us show that φ(s) = 0 for all s ∈ T X (x)\{0}. Let C ⊂ U be a complete intersection curve containing x with T C (x) = C · s ⊂ T X (x), let ν :C → C be its normalization and f :C → X be the composition of ν with the inclusion C ⊂ X. Since f (C) = C ⊂ ∪D i , the monodromy of the local system f * L is infinite and discrete. By the preceding Lemma, it follows that the Higgs field of the tame harmonic bundle f * (E, θ, h) is nonzero. In other words, the composition T C → f * T U → f * End(E) is nonzero. Since in restriction to a neighborhood of x ∈ C the cokernel of the map T C → f * End(E) is locally free, the image of v is necessarily nonzero, i.e. φ(s) = 0.
